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bilevel optimization setting
formulation and challenges



bilevel optimization setting

We considerer the generalized bilevel problem

mein L(0) = £(s*(0))

subject to s*(6) = arg min f(s, 0)

where
e s*(0) is an estimated signal with parameters ¢
e [ is a smooth upper level loss function on the estimated speech

e f is a nonsmooth, convex on s, lower level loss function

s or @ is high-dimensional
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bilevel optimization setting

e The upper level loss is smooth, we can apply a first-order method

OL(Bx) = VE (s*(64)) Ds*(0x)
Ok+1 = 0k — BVL(Ok)

and compute 9L(0x) with (reverse) automatic differentiation (AD)
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bilevel optimization setting

e The upper level loss is smooth, we can apply a first-order method

OL(Bx) = VE (s*(64)) Ds*(0x)
Ok+1 = 0k — BVL(Ok)

and compute 9L(0x) with (reverse) automatic differentiation (AD)

o s*(6x) may not have a close-form solution, we consider s*(6) as the solution
of the fixed-point equation

and approximate it with the iteration

si+1(0) = F(si(0),0)

5/25



conservative derivatives and AD



conservative derivatives

How to define / compute OL(6) ?

Conservative derivatives (Bolte, Pauwels, 2021)

For a locally Lipschitz function F: R” — R™, a set-valued map
Dr: R" — R™*" is a conservative derivative of F if, for every absolutely
continuous ~: [0,1] — R",

d

IF(’Y(t)) =V A(t), forall Ve Dg(y(t)), foralmostall te [0,1].
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conservative derivatives

How to define / compute OL(6) ?

Conservative derivatives (Bolte, Pauwels, 2021)

For a locally Lipschitz function F: R” — R™, a set-valued map
Dr: R" — R™*" is a conservative derivative of F if, for every absolutely
continuous ~: [0,1] — R",

%F(’y(t)) =V A(t), forall Ve Dg(y(t)), foralmostall te [0,1].

Then the chain-rule becomes available again
Di(0) :== VL (s(0)) Ds(6)

we will focus now on the term D,(#)
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conservative derivatives

How to compute the error between two (conservative derivative) sets ?

Excess, Beer et al., 1993
Given two bounded sets of matrices A and B. The excess of A over B is

e(A,B) = sup Jnf |A =Bl

e not symmetric

o verifies triangle inequality
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conservative derivatives

We will assume the following

Assumption 1, (Grazzi et al., 2024)

1. The step map F : R™ x R” — R™ is locally Lipschitz, definable, piece-wise
Lipschitz smooth
2. For all (s,0)

||DF,S(5,0)||sup § q < 1
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conservative derivatives

We will assume the following

Assumption 1, (Grazzi et al., 2024)

1. The step map F : R™ x R” — R™ is locally Lipschitz, definable, piece-wise
Lipschitz smooth
2. For all (s,0)
||DF,S(5,0)||sup S q < 1

o 2. implies Df ¢(+,0) is a contraction, then there is a fixed point s* of F(-,0).
We will denote Df* the conservative derivate on s*
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conservative derivatives

Recall that s*(0) is approximated as the FP iteration

sit1(0) = F(s(0), 0).
Then D; is recursively computed by

D,..(6) = Dr(s(0),0) Dy (6) (ID)
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conservative derivatives

Recall that s*(0) is approximated as the FP iteration
si+1(0) = F(55(0),0).
Then D; is recursively computed by

D,..(6) = Dr(s(0),0) Dy (6) (ID)

Theorem (Grazzi et al., 2024)
Under Assumption 1, let J € N, then (ID) satisfies

. B _ B
€ (DSJ(e)ﬂ D;IX(G)) < ﬁqj + S C(@)JqJ 1

where g <1, 5 := [|so(6) — s*(0)[|. By = [ Dr,0(s(6,0))llsup
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truncated automatic differentiation



truncated automatic differentiation

e What if s or 6 are high-dimensional ?

Then reverse AD is memory expensive. If we unroll (ID) for J iterations, we can
prove (closely to Shaban et al., 2019 in the smooth setting)

J
Do, (0) = Y Bidja - A
j=0

with
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truncated automatic differentiation

e J could be too large to handle dim(s) 4 dim(6)
We consider T-truncated reverse AD with T < J

J
Ds, - (0) = Z BjAji1--- Ay
j=i—T41

and analyse the introduced error

o We can write
DSJ(e) = EST(Q) + DSJ,T(G)

with E, the early J — T sensitivities of s w.r.t. 8
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truncated automatic differentiation

Can we bound the excess ?
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truncated automatic differentiation

Can we bound the excess ?
o If the step map F is the proximal gradient descent (pGD) map

F(s,0) = prox,g (s =7Vsf(s(0,a))), 7 >0 (1)

for a convex, lower-semicontinuous function g, and a 3-Lipschitz smooth
function f

e This F solves the regularized lower-level problem

msin f(s,0)+ g(s) (2)
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truncated automatic differentiation

Theorem (truncated AD excess bound for pGD)
Under Assumption 1, with F the pGD step map, for v < 1/, we have

B
e (DSJ,T(9)7 DSJ(G)) S i (1 _ fya)T
Yo
where
B p— .
1= ey [1Billsw ‘)

e The proof is inspired from Shaban et al., 2019 covering the smooth case
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truncated automatic differentiation

Proof: We have

e (DSJ,K(€)7 DSJ(G)) = ( SJ, K(G)
S e ( SJ,K(9)7
<

|E5T ||5|-|P

Then, we also have

[
|

K
By = > Bida - A

I
lk\
[

BiAj -
=0

—.

IN
o]

1
) — (1 —~ya)"

a

because it is known that ||Dyrox_, [lsup < 1

Ayt Aj_141---

( ) + DSJ T(G))
SJ,T(Q)) + || STHSUP

Ay
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truncated automatic differentiation

Corollary
Under Assumption 1, let J, T € N, T <« J, we have

, B _ _ 1
e (Ds,7(6), DIX(0) < - a’ + 8 C(6)Ja’ ! + By— (1 —7a)T
— Yo
Also, the conservative derivatives of the upper-level loss D;(f) verifies

e (V£(s(8)) Ds, ,, Di(8)) < [[VE(s(8)) |le (Ds, ,(8), Di*(8)

e What about a generalized nonsmooth step map F ? The only (non obvious)
assumption on F is to be nonexpansive :

||DF,s||sup <1
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numerical experiments



experiments

e For an image s, we consider the reconstruction lower-level problem as
min 1||As — b||> + 0 g(Ls) + h(s), 6; >0,
s

where g, h are convex, lower-semicontinuous, A, L linear operators

e and the learning upper-level problem as simply
L(e) = %”5(9) - Strue||2

where s is some available ground-truth image.
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experiments

e We consider TGV regularization

tgvel(so) = msin ||V50 — 51||271 + 91||E51||271, 6 > 0. (4)
1

v -l EYIP 1>
L= , : (so,51) — ’
(0 E> g (=.9) (||51||2,1
and h(s) = wr, (s0)
e We solved with pDG and Condat-Vu! for the proximity operator

with

Prox. g (b) = argsmin Lils — b||> + ~0g(s)

is now a denoising problem for a noisy image b regularized with g + h

1PG, Bellens, Dewulf, arXiv:2412.10034. 2024.
20/25



experiments denoising

clean image noisy image




experiments denoising




experiments denoising




experiments undersampled computed tomography

fully sampled undersampled
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experiments undersampled computed tomography

fully sampled undersampled
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experiments undersampled computed tomography

undersampled tv undersampled tgv
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experiments undersampled computed tomography

undersampled tv undersampled tgv




some conclusions



some conclusions

We have presented some connexions between ideas of related
backpropagation (Shaban) and nonsmooth AD (Grazzi)

Extension when F is accelerated pGD (FISTA) requires more work, it seems
not to work numerically, further analysis needed

Extension when F is a primal-dual map also unclear

Bounds are valid for sufficiently small step size «y, further analysis needed to
consider adaptive step sizes e.g. by backtracking
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